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Abstract. We study a model of a bosonic string in a specific antisymmetric background. It
is shown that the action in the conformal gauge possesses the same residggmmetry as

that for the ordinary bosonic string. Static solutions to the classical equations of motion are
found for arbitrary space—time dimension and for arbitrary orientation of the string, and the
static potential in the semiclassical (quadratic) approximation is derived. It is shown that the
quasi-static picture breaks down beyond some critical distance which depends on the orientation
of the string.

1. Introduction

Strings in non-trivial backgrounds have been studied extensively in the last decade. The
background fields are vacuum expectation values for the massless string excitations [1, 2],
which in a compatible theory have to satisfy the corresponding equations of motion. These
equations turn out to be equivalent [3,4] to consistency conditions which guarantee the
conformal invariance of the (first quantized) string theory.

Symmetries of superstrings in highly non-trivial backgrounds play an important role in
the attempt to derive a realistic low-energy effective action (see, e.g., [5]).

In the present paper we consider a bosonic string model [6] in space—time with flat
(Euclidean) metric and constant torsion. The topological term in the action [6] contains
the torsion potential (an antisymmetric tensor) which is chosen to be invariant (up to
gauge transformations) with respect to space-time rotations when the space—time is three
dimensional. In the general casé £ 3) the topological term breaks down the rotational
invariance and picks up a three-dimensional subspace. It has been proved [7] that such a
model is equivalent to & O (p, ¢) gravity if the number of the space—time dimensions is
p +¢q = 3,4. The model can be considered as a generalization of the Narain—Sarmadi—
Witten model [8] (see also [9]). We will show that in a conformal gauge the model admits
(at the classical level) a residual infinite-dimensiong} symmetry. There is, however, a
conformal anomaly [10] in the quantized theory. Let us note that the critical dimension
(d = 26) is not affected by the inclusion of the topological term in the action. Indeed, the
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unrenormalized effective action [4] contains some additional divergences in the presence of
the topological term. They have to be compensated, however, by renormalization of the
target-space metric and the torsion potential. As a result the topological term contributes
(at the one-loop level) to the beta functions [3, 4] corresponding to these background fields
[11] but does not contribute to the dilaton beta function. We also note that all three beta
functions cannot vanish simultaneously in the model under consideration for any number
of space—time dimensions—the particular background does not match the conditions of
conformal invariance [3,4]. It does not, therefore, correspond to a true string vacuum—the
ground state is expected to be unstable (at least for a closed string).

We derive an expression for the one-loop correction to the ground-state energy (static
potential) for an open string with fixed ends in space—time of arbitrary dimeri3idatatic
solutions are found for arbitrary string orientation with respect to the three-dimensional
subspace, distinguished by the topological term in the action, and the effect of quantum
fluctuations is evaluated. We also discuss the (in)stability of the closed static solutions.

The paper is organized as follows. In section 2 symmetries of the model are discussed.
The static solutions to the classical equations of motion are studied in section 3. In section 4
an expression is derived for the static potential. The (in)stability of the closed static solutions
is discussed in section 5 and some concluding remarks are given in section 6.

2. A string with a topological term

Let us consider a string action written as a sum

S = Sne + Swz (2.1)
of the Nambu—Goto action for a bosonic string in Euclidean space-fithef dimensionD

SnG = K / e /g (2.2)
and a trivial Wess—Zumino term

Swz = —% / P& €“* By (X (§))3a X" 9, X" (2.3)

Here X* (u = 0,1, ..., D — 1) are coordinates foE?, £* (a = 0, 1) are coordinates for

the world sheetyg is the determinant of the induced metric tensor:
aX* X"

T 9ge agh

and B is an antisymmetric tensor field. The teSy; is similar to the interaction term for

a particle in an electromagnetic field [12, 13]. The string dynamics is invariant under gauge
transformations

g = detg,, &ab (2.4)

Buv - B;w + a;/.Av - avA;/, (25)
where A, are the coefficients of an arbitrary 1-form @. The gauge invariant quantity
HA/LU = 8AB/LV + avBA/L + 8//,ka (26)

is analogous to the Maxwell tensor.

As is well known, Syg is invariant under the isometries &®. In generalSyz breaks
down this symmetry. An antisymmetric tensor figth*" respecting the isometries &?”
exists for D = 3. The corresponding string model f& = 3 has already been discussed
[6,14]. In the general casB > 3, which we are going to consider, any non-zero tensor
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field H**” breaks the rotational invariance. We choose a background Bieldhich, in our
reference frame, is given by

2
B,, =k €apv X* w,v=0,1,2
2 2
B, =0 n orv>2

€ being the Levi-Civita symboleg;> = 1. The corresponding field*# (which is a
tensor field in theD-dimensional space-timg?) is invariant under rotations belonging to
a subgroupSO(3) ® SO(D — 3) of SO(D). This field is invariant under translations of
EP as well. The action of a string in the background (2.7) is written as

S = /dzg (K g — ’;e“beaﬁyxaaaxﬂa,,xy) ) (2.8)

It is invariant (generally, up to a surface term) with respect to the same transformations.
Calculating the canonical momenta one finds the constraints [6]

b = PX1~ 0
o - (2.9)
@) = P> — k*X7 + 2eup, PP X X" + 2(X?X3 — (XX )% ~ 0.
Here
Py = k88" Xop — Keap, X" X'} «a=0,12
(2.10)

P =x2g%X;, j=3....D—-1

are the canonical momenta conjugate X# and the notationXY = Zf;ol XHyH,

XY = ZizoX“ Y* is used. Notice that although the first three components of the canonical
momentum differ by the corresponding momentum in standard bosonic string theory, the
constraints (2.9) satisfy the same Virasoro algebra. We will show that the Virasoro algebra
also appears as a Lie algebra of symmetry transformations of the Lagrangian in the conformal
gauge. Moreover, the action admits an extended higherwsgmgmmetry than that for the
ordinary string. Another property of the ordinary string theory which is preserved here is
that the canonical Hamiltonian vanishes identically.

We turn to the residual symmetry of the action (2.8) in a conformal gauge:

S = / &% (/g + Reap, X X X)). (2.11)

We recall that the first term in this action admits,-symmetry. We will show that the Wess—
Zumino term also allows this symmetry. Indeed, let us consider the following transformation
law [15]:

8l XP = k(E4)dMPrPrig XPL. . g, Xt n=012... (2.12)

where k(&) is an arbitrary function of one of the light-cone variables = %(i;‘o + &)

andd is a symmetric tensor. It is easy to check the symmetry of the action (2.11) under
transformations (2.12) up to a surface term. The transformations satisfythalgebra
which reads

[81(7/1)’ S?h)] = 3?(1;11)k8h—(m+1)h3k)' (2-13)
The conserved currents corresponding to the transformations (2.12) read

1
Vn == mdﬂlmﬂn+zx,’j} M X,M_;;_x+z. (2.14)
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In the casen = 0, d*’ = §*¥ the first current is written as

VO=T = Ix/ X" (2.15)
i.e. it coincides with th&++)-component of the stress—energy tensor being the generator of
the conformal transformations. Notice that the conserved quantities (2.14) satisfy the current
algebra which concurs with the Lie algebra of the infinitesimal transformations (2.13).
Taking into account that the Weyl symmetry is also preserved for the action (2.8), it can

be concluded that this action possesses the same symmetries as the ordinary bosonic string
action.

3. Static solutions

We are going to describe the static solutions to the classical equations of motion for a string
with action (2.11). These equations are written as

K0, (v/88" 8y Xo) — Beapy XX, = 0 a=0,1,2 (3.13)

K3, (/88" 9X;) =0 j=3,....D—1 (3.1b)
We note that for any right-moving* (9, X¢ = 0) or for a left-moving oned_X* = 0)
the second term on theHs of (3.1a) vanishes; hence they satisfy both equations (3.1).
However, a linear combination of right- and left-moving functions would not, in general,
be a solution to (34), in contrast to the cases of ordinary bosonic string or bosonic string
in [16, 9].

In order to obtain new non-trivial solutions we turn to the following property of
equations (3.4): the antisymmetric background field (2.7) depends X% but the
corresponding gauge invariant tenshy,, does not (moreover, it is constant). Making
a gauge transformation (2.5) with

Ay = JkeoupXP =012 (3.2)

(all other components oA vanish) one obtains a static (i.&°-independent) background
field which is equivalent to that given by (2.7). The corresponding action is written as

s A
S=« / d’e { g7 + é(Xz(aoxoalxl — 90X191X% — X(9pX%0, X% — aoxzazxo))}

(3.3)
where

=35 (3.4)
K

We shall use the action (3.3) instead of (2.11) when discussing the static potential
produced by the string.

Due to the invariance of the action (3.2) under world-sheet reparametrizations the
solutions to (3.1) are not completely determined by any boundary conditions and gauge
fixing is necessary. For obvious reasons the conformal gauge is not convenient in the study
of static configurations.

We choose parametef§ = r and&! = 5 on the world-sheet such that

xX; .0} =X, n) —t=0. (3.5)
Under this condition (which fixes the gauge partially) the action (3.3) is written as

S=x / o’e (g% + %(X%nxl - Xla,,XZ)> (3.6)
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where
140, X -8 X 9,X-0,X
g = det
X-0,X  0,X:9,X
and X = (X%, X2, ..., XP~1). For the static configurationsx® = 7, X = X (z, n)} the
equations of motion (3.2) read

3,((0,X - 8,X)"20,X1) + 13,X2 =0

(3.7)

3,((8,X + 9,X) " 20,X5) — A0, X1 =0 (3.8)
3,((9,X -9,X)"20,X;,)=0  j=34,....D—1

Equations (3.8) are invariant under reparametrizattins- 0, §n = ¢(n). A solution can
be written as

I a !
X{(n) = ; <COS()\/O Q) ds) — 1)

cl a . < " )
X5 (n) = - sin A/ f(s) ds
A 0 (3.9)
n
X§m) =b /0 f(s) ds
X)) =0 k=4,...,D—1

where 0< 7 < ©, a?+b%? =1 andf is a positive function. The solution (3.9) is chosen
to satisfy the initial conditions

X0 =0 (3.1&)
dEX = (0, af(0), bf(0), 0,..., 0). (3.1M)
n
It is natural to introduce
a = sing b = cos¢p 0< ¢ < 27. (3.11)

However, for brevity we also keep the notatioanb. Any solution to equations (3.8) can
be cast in the form (3.9) by an appropriate space rotation and translation.
A convenient gauge-fixing condition in the vicinity of the solution (3.9) is
x'X:t,nl=a[X;T,n] —n=0 (3.12)
where
T (Xa(z, 8) +a/r) 9, Xa(7, 5) — Xao(7, 5)0s X1(7, 5) q
LS.
(Xa(t,5) +a/M)? + X3(z, s)
The condition (3.12) is local becauseis an integral of a closed 1-form. Imposing this
condition on a solution (3.9) (with # 0) one findsf = A~ and, consequently,

a[X; 1, 7] =

(3.13)

X§'m) = %(COSn -1 (3.14a)

XSy = ; siny (3.1%)
cl b

X3(n) = 177 (3.1%)

X% =0 k=4,...,D—1 0<n<0. (3.14d)
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We will consider two types of solution: strings with fixed ends and closed strings. A closed
string solution is given by (3.14) whete= 0 (a? = 1) and® = 27 N (N is the ‘winding
number’). The energy of a closed string solution is given by

EY = (3.15)

A

This quantity is invariant with respect to translations of the solution. The closed string
static solution of lowest non-zero energy is that wth= 1. We note that there are no
topological arguments for the stability of these solutions.

The energy of an open static classical string is written as

1+ b2 1-b%
ve(@) = ; ( +2 0+ sm@) . (3.16)
It is more instructive to use the distance between the ends of string
1 G
r= \/4«12 sin - + 5202, (3.17)
A 2
and the directional cosine
x§(©
c= X3 (3.18)
r
as parameters for the solution instead®fnd¢. By using the expansions
1-¢% 53 55
@:Ar+ﬁ)\r + O(A°r>) (3.1%)
1-c? 2.2 4.4
b=c 1—?)»}’ + O\ r™) rar— 0 (3.1%)
we find
l 1-¢% 5, 3
VS =«kr 1+7Ar + O(r”) A — 0. (3.20)

4. Static potential

Let us consider a ‘Wilson loopC in EP formed by the curvegXo =0, X = X%(#); 0<

n <0}, {(Xo=1,X =X90):; 0< T}, (Xo=T,X =X 0< 7y <6}

{Xo =1, X = X%0); 0< 1 <T}. The average over the surfaces enclosed by the loop
[17] is written as

W) = /Dx 505 H Ae (4.1)

where the Faddeev—Popov determinants a constant and will be omitted. One expects
the asymptotic behaviour

pe) ~e V7’ T — oo 4.2)

whereV can be identified as the ground-state energy of the system (the static potential in
the case of an open string which depends on the distance between the ends of the string
and its orientation).
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We perform the integration oX° in (4.1) and make a chanyef the integration
variablesX, X, (leaving the remaining variables unchanged):

Xy(t. 1) = (2¥ (. n))? cosg(t, 1) — ;

(4.3)
Xa(. n) = (2Y (1. n))? sing(, ).
Using these new variables one replaces (8)1ahd (3.14) by
2
a
vy = 7 (4.43)
% () =n. (4.40)
The gauge-fixing condition (3.12) is written as
x'=gn)—n=0 (4.5)
and the integration op can be easily done yielding
D-1 ]
P(C) = / DY [[ DXi €% (4.6)
k=3
where
T 6
5@ =K/ dt[ dn (g — AY) 4.7)
0 0

is the actionS in the gauge specified by (3.5), (4.5). UsirgY/2 as a loop expansion
parameter we make a shift of the integration variables

Y=Y 42y
= no2y

X3 = Xg'—l—fc*%;f%zs (4.8)
Xy =k 2 2z k=4,...,D—1
assuming zero boundary conditions pnz; (k=3,..., D — 1).
ExpandingS@” in powers of«x
s = 7v@) + S? 4 O(k) (4.9)
and changing the variables zs:
_ " 1/2 _ " -1/2
SIVORTEEECORE (410

we rewrite the bilinear term in a more symmetric form:
1 T ®
§@ = _~ / de / dn | (3:u)? + A2((,u)? — a®) + (3;v)? + A%(3,v)?
2u? Jo 0

A%b T 2, 42 2
—7(1/{3,11) —voyu) + 0 Z((anZk) + A°(0y2k) )>' (4.11)
=4

1 The Jacobians of all the changes of variables which we make are constant.
I We prefer to introduce the arbitrary mass scalexplicitly.
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Inserting (4.9) in the functional integral we find, in the semiclassical approximation,

D-1
W(C) = exp(—T V%) / Du Dv [ | Dz 7. (4.12)

Taking into account (4.2) one finds that in the expansion of the static potential
V=kW_a14+Vo+--- (4.13)

the first term reproduces the classical ground-state energy, while the second one represents
the one-loop correction:

D, 92 + 2202
= lim — (Tr Iogi +(D—-4Tr Iog(—)) (4.14)
w? Ap

T—>oo 2
where
50 = —0'0812 — )\2(0035 flbaza + a O'o) (4.1%)
~  A%a?
D, = ?"03 (4.1%)

or (k = 1,2, 3) are Pauli matrices andy = (ég) The second term in (4.13) has been

calculated [18] by means of analytic regularization. The result is
92 + 1292 AT

Triog( -~ 1) ~ 27
Yy 120

The leading term does not depend on the @rbnrary) mass gcale
The spectrum of the operatoD = Dy — D; is unknown, so we assume that

T — oo. (4.16)

o~ o~ o~

Do —D D ~ 1o A
Trlog =, —* = Trlog —, + Tr log( — D, *D,D, /%) (4.17)
2 %
and treat the second term as perturbation. The spectruﬁb af positive provided
47
O< ———. 4.18
14 7a? ( )
Indeed
~ ib = ib
Do = exp (—'4’702> Do exp<'4”oz> (4.19)
where
= 1 —+ 7&2
Do = —ap | 82+ 1% 92 : 4.20
o= (2417 =

The spectrum 050, and, therefore, that dPy, is positive if (4.18) is fulfilled. Taking into
account (4.18) and (4.19) one finds

—92 —22(92 4+ LA+ 7a2))) @.21)

D, :
Fo=Tr Iog—g =2Tr Iog( 5
2 %

1 Dirichlet boundary conditions are assumed.
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It can be calculated by the same method [18], although the resuitiEpendent, in contrast
to the ‘massless’ case (see equation (4.16)). Indeed, it can be supposed that

02 4 223 + (w2/©*)p*)\ P
=_2T< ; + 450, + (% )p)) ‘
p=0

ap w?

2 2
=~ F(ﬁ)/ dr P71 Tr exp( 5 T)Tr exp( (82+®2 ))L_O (4.22)

where the notation

OV1+ 7a?
o= T fa (4.23)
4
is used. The operators? and 97 + ¢ in (4.22) are considered on ,[0] and [0, ©],

respectively. Taking into account the asymptotic

t .o nT t
Tr exp<M28T> ~ i 27 —-0 (4.24)
one obtains an asymptotic expression
ul 3 T(B—3) 2t 1
TR M AR (4.25)
p=0

whereZ (s, q) is a (generalized)-function (its definition and properties are summarized in
the appendix). By using its expansion in the vicinitysof —% we obtain

Dy 2mAaT({ 1 & 2 2 [1e
Trlog°~(—+Z((n2—p2)1/2—n+p>—plogM) T >

® 12~ 2n 2 27 A\
(4.26)
whereii = pexp(2+ y), y being the Euler constant.
We are going to find the asymptotic at largieof the second term
o0
~ 1o A~ 1 aim
=Trlog(1— Dy *DiD;"?) = -3 = Tr (Dy'Ds)" 4.27
9( 0 18 ) Z p (Dy 'D1) (4.27)

n=1
in (4.17). The odd terms in the expansion (4.27) vanish due to the properties of the Pauli
matrices and one finds:

=3Trlog(1—Q7?) (4.28)
where the operator

o im o~ ~ Ao a®\\°>  A4p2
0 = D;'DoeD; Dy = i <<3,2 + A2 (33 + 2)) + 485) (4.29)

is self-adjoint. Equation (4.28) can be rewritten as

= 1 Tr(log(Q — 1) — log Q) (4.30)
and introducing the resolvent
R@)=(Q -2 (4.31)

one obtains

1
Fy = —%/ dz TrR(z) (4.32)
0
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providing the function

e =235 () e ()= 5)) 5 () <)

m=1n=1

is well defined forz € [0, 1]. A straightforward calculation shows th&{(z) is well defined
and equation (4.32) can be used if
2
O< —— . 4.34
VIt 32 (.39

We assume that (4.34) is fulfilled (it is easy to check that this condition is stronger than
(4.18)). Performing the sum on in (4.33) we find the following expression for the leading
term at largeT':

AT & 72\ rrp? 421 7 2y -172
as;_\ _ 4 2 2
TrR (Z)— 4 Z((l b @2) (( @2 —2—2<az+b ®2> )

n=1

7.[2”2 a2 1 4 T I’l 1/2\ -1/2

Then we insert (4.35) in (4.32) and perform the integration. The result is

gy T i 2 (PO, atet V2 ae\V? o _bO a2 2
C) 452 474 22 2 272

n=1
. . 20?2 2+a4®4 Y2 2@2\ 12
R 22
be a0\
- T . 4.
(n + or T o2 ) ) — 00 (4.36)

Inserting (4.26) and (4.36) in (4.17) and then in (4.14) we finally obtain
a(D -2 (147a%)10 o e
240 32 o

AT & 1+ 742 @2\ 2 1+ 7a? ©2
+n22 2o TN R
20 &~ 16 x?2 32n 7#?
+< ) <b2®2 2+a4®4)1/2 a2®2>1/2 ( , bO a2®2>1/2
n®— n - —(n"— —n———
452 A4 212 2 212
N ) N b2®2 ) N a4®4 1/2 a2®2 1/2
. 452 . 474 212

1/2
<n + 29, 2®2> ) (4.37)

27 272
This expression has been derived under the assumption that (4.34) is satisfied. |If
® > 2m(1+ 3a®)~Y2 the static potential acquires a non-zero imaginary part indicating
an instability in the string. The only exception is the transversal steing Q). In that case

Vo=—
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F1 = 0 and the stability condition is given by (4.18) instead of (4.34). In the basd a
result is reproduced which has been obtained in a previous paper [14] by using a different
gauge-fixing condition.

In the limit of a vanishing topological term in the action, ie.— 0 in (3.3), this
expression simplifies considerably. By inserting (3.19) in (4.36), we find

Vo=

7(D—=2) w(D-2(1-cd 2 8—7c2 2 ar 2
_ 32— 32rlog ™" 4+ o 5 — 0.
24 202 T g, MTi0g5 005 -
(4.38)

The first term reproduces the well known universal correction [19,17]. The second
could be absorbed by a renormalizationjaf The third term is dog correction and, in
contrast to the second, does not vanish even for the transversal sfriagl).

5. Closed strings

Trying to evaluate the one-loop contribution to the energy of a closed static string we write
down an expression similar to (4.14). Zero boundary conditions have to be replaced by
periodic ones (with period72N). The operatorDy, equation (4.1&), decouples (because

a =1, b =0 for a closed static solution) and for the one-loop correction one obtains

AEy = im - (Triog( = EHEOADY g (Y
= IIm —— riogl ———7-— riogy —-—-
N Tooo 2T g MZ + d Mz

92 + 1292
+(D—HTr |og<—”>>. (5.1)
Al

However, the operatopa,f— 1 (on [0, 27t N], with periodic boundary conditions) possesses
the eigenvalues

€ =——1 n=201,... (5.2)

which are negative for < N . Therefore any closed static solution is unstable.

6. Conclusions

We have shown that the action including a topological term [6] admits the same constraint
algebra and residual symmetry (to the conformal gauge) as those for the ordinary bosonic
string. Here the Virasoro algebra also appears twice; first as a constraint algebra and
second as the residual symmetry of the action in conformal gauge. This residual symmetry
algebra can admit an extension W, algebra. The static potential (in the semiclassical
approximation) was found for an open string in that specific background. However, the
solutions of the equations of motions are changed, hence the ground-state energy also is
changed. For example, only waves with definite chirality are admissible. As a consequence
the structure of the one-loop correction is rather complicated: it includes a log term in
particular. The critical distance depends on the orientation of the string. In the limit of
vanishing topological term the correction coincides with the well known universal one [18].
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Appendix
The generalized -function
Z(s,q) = Z(n2+q)*s Res > 1 |argl+q)l <n (A1)
n=1
which can also be represented as
1 o0 >
Z(s,q) = 7f dr 71 exp(—t(n? + q)) Res > % Rel+g¢)>0 A2
D=1 ), ; o q : q (A2)

admits a continuation in the wholeplane, except for the points
s=1—k k=12, ... (A3)
where it has poles. Indeed, by expansion in powerg,of

© (1 — $)¢(2s + 2K)
Zeq) =) KT (1—s — k) '

k=0

(-~ (A4)

B i I'(k+5)¢(2s + 2k)
e kT (s)

A convenient representation for our purposes is
oo

Z(s,q) = C(25) —sqs(2s + 2) + Z ((n2 + c])f‘Y —n %4 sqn_zy_z)
n=1

Res > —3 |argl+q)| <. (A5)
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